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ABSTRACT
A novel Multi-Receiver Vector Tracking (MRVT)
architecture for the joint tracking of multiple GPS
receivers to determine the reference position and attitude
of a rigid body is presented. The reduction in overall
search space, from the state variables of each individual
receiver to a single reference position on the rigid body
and the attitude of the rigid body, offers increased
information redundancy which brings about increased
robustness to signal attenuation and multipath. The
MRVT architecture is implemented using a Software
Defined Radio (SDR) written in Python with an ObjectOriented Programming (OOP) approach that allows easy
initialization, modification and extension of the receivers
and the multiple receiver network. It also allows for
flexible sharing of information at the signal,
measurement, data and coordinate levels. Finally,
experiments were conducted on a road vehicle for
performance evaluation.
I - INTRODUCTION
With the boom of GPS applications such as the navigation
of Unmanned Aerial Vehicles (UAVs) and self-driving
cars, there is a need for high performance GPS receivers
that are robust, accurate and reliable. To meet this need,
we aim to leverage on the inherent potential of combining
results from more than one receiver for better
performance in navigation solution estimation.

We propose a Multi-Receiver Vector Tracking (MRVT)
approach, in which we use multiple receivers instead of
one receiver to estimate and predict the position of a
single reference point on the rigid body and the attitude of
the rigid body. Once the position and attitude of the rigid
body is determined, the rigid body’s state vector is fedback to each of the individual receivers on the rigid body
to augment each of their Vector Tracking Loop (VTL). In
this manner, the search space is reduced from the state
variables of each individual receiver to the reference
position and attitude of the rigid body. This reduction in
search space offers increased robustness due to
information redundancy.
This paper is organized as follows: Section II describes
the theory and implementation of the VTL in each
individual receiver. Section III describes the theory and
implementation of the Multi-Receiver Vector Tracking
Loop (MRVTL). Outputs from the VTL of each
individual receiver is used to estimate the state of the
MRVTL while the output from the MRVTL is used to
augment the VTL of each individual receiver. Section IV
describes the experiments that were conducted on a road
vehicle. Finally, Section V concludes the paper and
provides suggestions for future work.
II – VECTOR TRACKING LOOP
The concept of vector tracking was first proposed by
Spilker [1] in 1996 as a Vector Delay Lock Loop
(VDLL). Following that, Zhodzishsky et al. [2] extended
that concept, with modifications, and created the “Co-OP
Tracking for Carrier Phase” where multiple Scalar Phase
Lock Loops (SPLLs) and a single Vector Phase Lock
Loop (VPLL) run concurrently. Since then, there has been
many variations to the idea of vector tracking. Some
examples are [3, 4, 5]. In the Joint Vector Tracking Loop
of [3], the navigation filter states are not the position,
clock bias, velocity and clock drift of the receiver but the
amplitude, code phase, code doppler, carrier phase and
carrier doppler of each channel. In [4], a Vector Delay
and Frequency Lock Loop (VD/FLL) is presented. In [5],
the idea of orthogonal projection of tracking error in
VPLL, to remove the need for concurrent SPLLs to track
channel related errors such as troposphere and ionosphere

errors, is proposed and evaluated. The advances in vector
tracking has been nicely summarized in [6]. Finally, the
VTL implemented in this paper heavily references [7].

The Kalman prediction equations are:
(3f)
(3g)
The state vector x, state transition matrix F, state noise
covariance matrix Q, state error covariance matrix P are:

Fig. 1. VTL architecture implemented in this paper
Similar to [7], the non-coherent VTL architecture is
implemented in this paper where the input to the
navigation filter is the discriminator outputs from each
channel. See Fig. 1. The discriminator functions are the
normalized early-minus-late power discriminator for
VDLL, four quadrant arc-tangent discriminator for VFLL.
The discriminator outputs’ noise variances are estimated
using 300ms sample variances. The VTL is updated every
coherent integration period T, 0.001s. The equations are
as follows:
,

The measurement vector v, measurement projection
matrix H, measurement noise covariance matrix R are:
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,
,
,

(1b)

in-phase and quadrature-phase
early, prompt, late correlations
The discriminator outputs are scaled into pseudorange (m)
and pseudorangerate (m/s) errors before being used as
inputs to the navigation filter.
(2a)
(2b)
speed of light, 299792458 (m/s)
The navigation filter within each receiver is an Extended
Kalman Filter (EKF). The Kalman correction equations
are:
(3a)
(3b)
(3c)
(3d)
(3e)

where the derivation is as follows:

III – MULTI-RECEIVER VECTOR TRACKING
LOOP

The errors due to satellite state are assumed to be
negligible as changes in satellite state from one navigation
epoch to the next are accounted for in the code and carrier
replica generation.

In the MRVT architecture, the corrected state vectors of
each of the individual receivers, from the same GPS
epoch, are used to determine the reference position and
attitude of the rigid body. After the reference position and
attitude of the rigid body has been determined, it is used
to augment the VTL of the individual receivers. See Fig.
2.a. and Fig. 2.b.

The corrected measurement vector v and predicted state
vector x-hat are used to update the code and carrier
replica generation. The corrected measurement vector v is
scaled to reflect the errors in code phase and carrier
frequency. It is then used to update the code phase and
carrier frequency.
,

(4a)
,

(4b)
Fig. 2.a. MRVT overall architecture

,

(4c)

The satellite states at the next navigation epoch is then
determined. Together with the predicted state vector xhat, the changes in pseudorange and pseudorangerate are
determined. The changes in pseudorange and
pseudorangerate are then scaled to reflect the changes in
code phase and carrier frequency. It is then used to update
the code phase and carrier frequency.
Fig. 2.b. MRVTL implemented in this paper
,

(5a)
,

(5b)

,

where the derivation is as follows:

(5c)

In addition, individual receivers are synchronized such
that their clock bias matches that of the reference clock
bias of the receiver network. To achieve this
synchronization, the required amount of data samples to
be skipped in each individual receiver is estimated during
the initialization of the MRVTL using the initial estimate
of the receiver state.
In this first iteration of the MRVT architecture, the joint
variables being estimated are the x,y,z position
parameters of a reference point on the rigid body in the
Earth-Centered-Earth-Fixed (ECEF) frame and the yaw,
roll, pitch (y, r, p) attitude parameters of the rigid body in
the rigid body’s local East-North-Up (ENU) frame. The
navigation filter is Iterative Least-Squares.
Firstly, using the corrected positions of each of the
individual receivers, and prior knowledge of the baseline
magnitude with respect to the reference point, the position

of the reference point on the rigid body is estimated. The
equations are very similar to the pseudorange equations
used in navigation solution estimation. They are derived
as follows:

(6a)
(6b)
After the reference position is estimated, the latitude,
longitude and altitude (lat, lon, alt) coordinates of the
reference position is determined. The corrected positions
of each of the individual receivers, relative to the
reference position, are then translated and rotated into the
local ENU frame of the reference position in preparation
for attitude determination. The attitude determination
algorithm used in this paper heavily references [8, 9].
Rotation of the position of the individual receivers,
relative to the reference position, from ECEF to ENU:

then obtained using the body coordinates of each of the
individual receivers and the reference position and
attitude of the rigid body. This twice corrected position of
each of the individual receivers is then fed-back to the
each of the individual receivers as the corrected position
in the Kalman filter. The Kalman prediction step then
follows.

(9a)

(9b)
In this manner, the search for the position of the
individual receivers are constrained by the fixed antenna
baselines and geometries. The reduction in the overall
search space from the positions of each of the receivers to
a single reference position on the rigid body and the
attitude of the rigid body offers increased robustness to
signal attenuation and multipath.
IV – EXPERIMENTS ON A ROAD VEHICLE

(7)

Before embarking on the iterative least-squares
determination of the attitude, a third coordinate system
known as the body coordinates has to be introduced. The
body coordinates is an arbitrary coordinate system used to
describe the antenna geometry. In this paper, the body
coordinates has its origin at the reference position of the
rigid body, its x-axis to the right, its y-axis to the front
and its z-axis to the top of the rigid body. The relationship
between the body coordinates and ENU is described by a
rotation matrix:

(8)

An experiment on a road vehicle was conducted to
evaluate the performance of the MRVTL. Four GPS
antennas were installed at the four corners of a vehicle’s
roof. See Fig. 3.a. and Fig. 3.b. Each antenna was
connected to a Universal Software Radio Peripheral
(USRP). The USRPs are then connected to the same
external clock. The USRPs used were USRP N210, each
equipped with a DBSRX2 daughterboard, by Ettus
Research. The external clock was Quantum SA.45s Chip
Scale Atomic Clock by Microsemi. The data were
collected through an Ethernet switch and written directly
onto the hard disk of a laptop running Ubuntu 12.04. The
data was collected as complex short at a sampling
frequency of 2.0MHz and at an intermediate frequency of
0MHz. Due to hardware limitiations, there would be a
buffer overflow when data is collected at greater sampling
frequencies. A power regulating circuit was built to power
the equipment from a 12V sealed lead acid battery.

where c(.) and s(.) are short-hand notations for cosine(.)
and sine(.)
The iterative least-squares equations are then given as
equations (2, 3, 4, 5) of reference [9] and will not be
repeated here.
After the reference position and attitude of the rigid body
has been determined via iterative least-squares, the twice
corrected position of each of the individual receivers are

Fig. 3.a. Antenna geometry on the roof of the vehicle

Fig. 3.b. Antennas slightly shifted after data collection
The collected data were processed using our OOP Python
SDR which heavily references [10, 11, 12, 13, 14] and our
prior work [15]. A simplified block diagram, class
diagram and a typical object from our OOP Python SDR
are shown in Fig. 4.a., Fig. 4.b. and Fig. 4.c.

Fig. 4.a. Simplified block diagram of the Python Receiver
showing the interaction between the core scalar tracking
objects. In this figure, solid triangular arrows represent
data being passed from one object to the next.

Fig. 4.c. Channel object showing attributes and functions.
In addition, the update() function in scalar tracking mode
is described.
We processed the data collected with both the singlereceiver vector tracking (SRVT) architecture and MRVT
architecture. The results are as shown in Fig. 5.a., Fig.
5.b. and Table 1.

Fig. 5.a. Single-receiver vector tracking (SRVT) results of
the four GPS antennas installed on the roof of the road
vehicle displayed in orange. The vehicle was initially
stationary in the parking lot at the bottom right while the
receivers are being initialized and synchronized while in
scalar tracking mode. The vehicle then turned onto the
road and drove north.

Fig. 4.b. Simplified class diagram of the Python Receiver
showing class relationships, to reduce clutter, only
“has_a” relationships are shown.

Fig. 5.b. MRVT results of the four GPS antennas installed
on the roof of the road vehicle displayed in blue. There is
a decrease in noise levels of the results between SRVT
and MRVT. For this experiment, the pre-detection
integration timing was 1millisecond and there was no
additional filter between the discriminators in the
channels and EKF in the receiver to reduce noise levels.

As such, the attitude estimates obtained from the receiver
coordinates alone were noisy and inaccurate. Instead,
prior information of the vehicle moving north was used to
provide more accurate attitude estimates.

σ(x) (m)
σ(y) (m)
σ(z) (m)
σ(δt) (ns)
σ(ẋ) (m/s)
σ(ẏ) (m/s)
σ(ż) (m/s)
σ(δṫ) (ns/s)

SRVT
2.93
4.70
5.10
15.4
0.31
0.39
0.45
1.44

MRVT
0.86
0.86
0.86
6.73
0.27
0.27
0.26
0.82

Table 1. Tabulation of the noise standard deviations of the
results obtained from SRVT as compared to MRVT.
V – CONCLUSION AND FUTURE WORK
In conclusion, a MRVT architecture has been proposed as
an extension of SRVT. By reducing the search space from
the state variables of each individual receiver to the
reference position and attitude of the rigid body, the
increased information redundancy offers increased
robustness to signal attenuation and multipath. In MRVT,
we compensated for the receiver timing differences and
also performed various coordinate transformations. We
implemented an entire SDR based on an OOP approach in
the python programming language with the goal of
effective information sharing and the added benefits of
having a receiver that is intuitive, flexible and extensible.
We have also validated the accuracy of our SDR. Next,
we conducted experiments, including that on a ground
vehicle with four USRPs, one CSAC and our portable
power supply. Finally, we validated our MRVT algorithm
and demonstrated improved accuracy.
Some future work would be to perform orthogonal
projection of the tracking errors in the carrier phase
domain and implement a MRVT architecture with phase
lock. Another improvement would be to convert the
iterative least squares filter used in the MRVTL to an
EKF with filter states as position, velocity, attitude and
angular velocities.
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