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Abstract—An implicit assumption made in studies on state estimation
is that the time and frequency at which these measurements are taken
is consistent across all the distributed sensors. For instance, in the
literatures on Wide Area Measurement Systems (WAMS) deployed in
the power grid, where the sensors equipped with Global Positioning
Signals (GPS), the sensors are deemed capable to provide perfectly
synchronous readings at the various sampling sites. The validity of the
assumption may need to be re-examined with the recent advancements
in decentralized state estimation algorithms. Importantly, when there are
timing offsets between sampling devices, the effects on the measurement
system’s performance can be catastrophic. The prevalent point of view
is to either study the resulting error, or to resort to Kalman filtering
for aligning the measurements. Taking on this view typically requires
additional information about the underlying state. In this paper, we
revisit the problem of state estimation and propose a new model for
data acquisition under asynchronous sampling. The key idea is to apply
sampling theory and to exploit the redundancy in the spatial sampling
to interpolate the system state. We provide a necessary and sufficient
condition for identifiability of the time offsets and propose an algorithm
for the joint regression on state and timing offsets. The efficacy of the
proposed algorithm is shown by numerical simulations.

Index Terms—state estimation, sampling offsets, smart grid

I. INTRODUCTION

The aim of sensor networks in cyber-physical systems is to provide
measurements that bear information on the state of the physical
infrastructure for monitoring and control. For instance, in intercon-
nected power grids, Wide Area Measurement Systems (WAMS) are
emerging as the new sensing infrastructures to provide situational
awareness in real-time on what is the grid state [1], [2].

However, one of the implicit assumption in these papers is that the
measurements are obtained at the sensors in a perfectly synchronous
manner. This is because, either the system state evolution is suffi-
ciently slow that the lack of synchrony in sampling is negligible,
or the timing information is sufficiently accurate to realign the
measurements as if they were taken with a consistent time reference
prior to processing. Another plausible violation to these assumptions
occurs when the sensor’s clocks are tampered by malicious attackers,
and therefore timing can no longer be trusted [3]. It is important to
employ a sensor fusion algorithm that is resilient to timing error.

Most of the prior arts concerned with mitigating timing errors
are based on Kalman Filtering [4], [5]. There, the unknown timing
error is jointly estimated as a fixed parameter with the time varying
system state. However, it is assumed that the dynamic equations that
represent the evolution of system state is given a priori. As such,
these algorithms are usually developed only for specific applications
in which this information is either available or easy to estimate.
Another related issue to ours is that of the blind calibration problem
for time-interleaved ADCs [6], [7]. Though these works are aimed at
a different application, their goal is similar to ours, i.e., to estimate the
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unknown asynchrony between the ADCs that sample at interleaved
time, in order to removing aliasing in each of the interleaved ADCs.

In this paper, we take the view that if the relationship between
measurements and state is memoryless, the regression problem and
sampling theorem can be used in combination to determine both the
state and timing errors. This amounts to using a sampling expansion
of the system state as a formal way to capture its smoothness and as an
alternative to assuming a dynamical model. Specifically, we model
the system states as a band-limited continuous-time signal and the
measurements as samples taken at the critical sampling frequency
of the system states. As a consequence, the relationship between
the system states and the measurements (under timing error) can be
expressed in frequency domain using discrete time Fourier transform
(DTFT). Using the DTFT representation, we derive a necessary and
sufficient condition to guarantee unique recovery of state and time
offsets in the noiseless case. The joint regression problem is then
cast as a least square problem on both the system state (i.e., a series
of coefficient vectors) and timing error. Based upon this, we develop
an algorithm for tackling the joint regression problem. We show that
the algorithm can be implemented in a decentralized manner using
Gossip-based exchanges. Our simulation results demonstrate that
the proposed algorithm (decentralized and centralized) can reliably
recover the system states under asynchronous sampling.

Notations: We follow the standard mathematical notations used
in signal processing literature. For instance, N (A) denotes the
nullspace of the matrix A such that y ∈ N (A) if Ay = 0; dim(V)
denotes the dimension of a vector space V .

II. SYSTEM MODEL

Consider a band-limited continuous-time state vector xc(t) ∈ CN
with bandwidth W/2 Hz. Let there be K sensors in the measurement
system which measure xc(t) according to the following model. In
particular, at time t, sensor i has access to a measured signal that is
linearly related to the state vector:

ζi(t) = Hixc(t) + wi(t), (1)

where Hi ∈ CMi×N is the measurement matrix. For example, in the
grid, the signal xc(t) in (1) are bus voltages and ζi(t) are measured
currents/voltages. For ease of exposition, we assume that Mi = M .

The relationship between xc(t) and ζi(t) is memoryless and linear.
Hence, the observed signal ζi(t) is also band limited with bandwidth
W/2 Hz. Now, consider the case with critical sampling, the K sensors
measurement streams are sampled every Ts = 1/W second but with
a random unknown offset βi. The nth sample from sensor i are taken
at time tin (relative to an absolute time scale t):

n

W
= tin + βi → tin =

n

W
− βi. (2)

By denoting:

x(n) = xc(nTs), bi = Wβi, f(n− bi) =
sin(π(n− bi))
π(n− bi)

.
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The Whittaker-Shannon interpolation formula implies that the nth
sample from sensor i can be expressed as

ζi(n) , ζi(t
i
n) = Hi[x(n) ? f(n− bi)] + wi(t

i
n) (3)

= Hi

∞∑
k=−∞

x(k)f(n− k − bi) + wi(n). (4)

As the DTFT of f(n − bi) is given by F (ejω) = e−jωbi , thus,
applying discrete time Fourier transform (DTFT) to the both sides of
(12) gives:

Zi(e
jω) = HiX(ejω)e−jωbi + Wi(e

jω). (5)

Our task, in the presence of sampling offsets, is to estimate the
spectrum X(ejω) without knowing the offset error bi. Note that
changing all bi by a constant c leads to an identical representation,
albeit the estimated spectrum will be X(ejω)ejωc. To avoid such
ambiguity, we constrain one of the sensors to be a reference node.
In particular, we assume

β1 = 0, |Wβi| < B. (6)

Under the assumption that the noise is i.i.d. Gaussian, it is reasonable
for us to solve a Non Linear Least Square (NLLS) regression problem
to accomplish the task. However, it is also well known that the NLLS
regression problem may have multiple (both global and local) optimal
solutions and there is only one optimal solution that gives the true
state estimate. Hence, before delving into the computational aspect
of the NLLS regression problem, we shall investigate under what
condition can observability be guaranteed.

A. Identifiability condition

We consider (5) under noiseless observations, i.e., by setting
Wi(e

jω) = 0. Let b = (b2, . . . , bK) and suppose that (X(ejω),b)
is the true state and set of sampling offsets. The noiseless observation
model in frequency domain is:

Z1(ejω) = H1X(ejω), (7)

Zi(e
jω) = HiX(ejω)e−jωbi , i = 2, ...,K.

Let εi , b̂i − bi and ε , (ε2, ..., εK). Any solution to (7),
(X̂(ejω), b̂), must satisfy

0 = H1[X(ejω)− X̂(ejω)], (8)

0 = Hi[X(ejω)− X̂(ejω)e−jωεi ], i = 2, ...,K. (9)

This leads to the following necessary and sufficient condition:

Lemma 1. Assume X(ejω) 6= 0 and consider:

H(ε) ,


H1 −H1

H2 −e−jωε2H2

...
...

HK −e−jωεKHK

 .
The following two statements are equivalent:
1. H(ε) is full column rank when εi 6= 0 for some i
2. (X(ejω),b) is the unique tuple that satisfies (7).

Proof. Equation (8)–(9) is equivalent to

H(ε)

[
X(ejω)

X̂(ejω)

]
= 0 (10)

We see that b̂ = b if Statement 1 is true since the system of equations
has no other solution than 0 (which is impossible as X(ejω) 6= 0)

whenever b̂ 6= b. This, together with (7), implies that (X̂(ejω),b) ≡
(X(ejω),b) as the tall matrix [HT

1 · · · HT
K ]T is full rank. On the

other hand, suppose the contrary to Statement 1 such that H(ε) is
not full column rank for all ε ∈ RK . There exists (X̂(ejω), b̂) 6=
(X(ejω),b) that satisfies (10), i.e., (X(ejω),b) is not unique. This
shows that Statement 1 is a sufficient and necessary condition for
identifiability. Q.E.D.

Lemma 1 seems to indicate that the system observability is quite
fragile to timing errors, and that the demand for number of sensors
doubles when such errors are possible for all sensors.

To understand the sufficient condition better, one can assume that a
subset of the sensors are synchronized, but there are at most K′ < K
outliers, like for instance in the case of a Byzantine attack. Suppose
that the attackers have not attacked the reference node and that the
last K′ sensors are attacked. We can group all the sensors with a
coherent clock and treat them as a single sensor:

Z′1(ejω) =

 Z1(ejω)
...

ZK−K′−1(ejω)

 , H′1 =

 H1

...
HK−K′−1

 .
The rest of the sensors are attacked such that their clocks are offsetted
by bK′ = (bK′ , . . . , bK). The observations at these nodes are:

Z′2(ejω) =

 ZK′(ejω)
...

ZK(ejω)

 , H′2(bK′) =

 ejωbK′HK′

...
ejωbKHK


Using linear algebra arguments, it is clear that the attack cannot be
successful if:

N (H′1) ∩N (H′2(bK′)) = {0}, ∀ bK′ 6= 0 (11)

On the other hand, when (11) holds, H(ε) is always a full column
rank matrix if εi 6= 0 for some i. Thus, applying Lemma 1 reveals
that the attack vector b can be estimated uniquely and the attack
fails.

Finally, the following corollary can be obtained from Lemma 1.

Corollary 1. (X(ejω),b) is uniquely identifiable only if KM ≥ 2N
and if for b = 0 the state is observable with half of the sensors.

III. PROPOSED ALGORITHM

This section describes an algorithm for tackling the state estimation
problem in the presence of asynchronous sampling. We notice that
to estimate the timing errors, it is essential to exploit the temporal
relationship between measured samples. Ideally, we should obtain
the DTFTs from an infinite number of samples. However, doing so
is impossible due to the memory limitation in practical systems. To
obtain a trade-off between accuracy and computational complexity,
our strategy is to process the asynchronous samples in a block-based
manner. To this end, we notice that as the function f(n − bi) =
O(n−2) for non-integer bi, the samples of f(n − bi) vanishes for
|n − bi| > J with large J . Now, by retaining only the samples for
which |n− bi| ≤ J, with P , J +B, we have

ζi(n) ≈ Hi

n+P∑
k=n−P

x(k)f(n− k − bi) + wi(n). (12)

Therefore, by observing L+1 ≥ 2P +1 samples, each sensor will
be able to obtain a reasonably good estimate of Ẑi(ejω) ≈ Zi(e

jω).
Now, by taking a possibly weighted discrete Fourier transform (DFT)



of L + 1 samples, the NLLS regression problem for joint state and
timing estimation is given as:

min
X(ejω),b

K∑
i=1

∑
ω∈Ω

‖Zi(ejω)− e−jωbiHiX(ejω)‖22

s.t. b1 = 0, |bi| < B, i = 2, ...,K,

(13)

where Ω = {2π`/L}L/2`=−L/2 and |Ω| = L+ 1.
Problem (13) is non-convex due to its dependence on both X(ejω)

and bi. A natural approach for tackling it is to apply an alternating
optimization (AO) algorithm. In particular, let k denotes the AO
iteration index, we alternate between the update of b(k) and that of
X(k)(ejω) iteratively as follows, i.e., let H† be the pseudo-inverse
of matrix H and

H =

 H1

...
HK

 , Z(k)(ejω) =


Z1(ejω)

ejωb
(k)
2 Z2(ejω)

...

ejωb
(k)
K ZK(ejω)

 . (14)

The AO procedure is given by the following update equations:

X(k+1)(ejω) = H†Z(k)(ejω) (15)

b
(k+1)
i = PB

(
b
(k)
i + ρk

∑
ω∈Ω

ai(ω) sin(fi(ω)− ωb(k)
i )ω

)
, (16)

where B = [−B,B] is the interval that constrains bi, ρk > 0 is a
step size to be found using a line search procedure, e.g., the Armijo
line search [8], and ai(ω), fi(ω) ∈ R are given by

ZHi (ejω)HiX
(k+1)(ejω) ≡ ai(ω)ejfi(ω).

The latter term in (15) is the projected gradient taken at b(k)
i with

respect to bi. To attain faster convergence, wiithin one AO iteration,
(16) might be repeated for several times. The resultant algorithm falls
into the class of inexact block coordinate descent which is recently
analyzed in [9]. In particular, the AO steps (15)–(16) converges to a
local minimum of (13) as k →∞.

A. Decentralized implementation using Gossip-based exchange

We now describe a decentralized implementation strategy for the
proposed algorithm. Notice that a decentralized algorithm is often
preferable for WAMS as the fusion center may be absent. In (15)–
(16), the bi’s update (16) is clearly decoupled with the updates for
other sensors. Hence, our only task is to tackle the update (15) in a
completely decentralized manner. To this end, existing decentralized
algorithms such as gossip-based update [1], diffusion LMS [10],
constrained consensus [11], etc., may be applied. Among them, the
gossip-based update is relevant as its convergence rate is faster.

To describe the algorithm, we first see that the update (15) can be
expressed as:

X(k+1)(ejω) =
( K∑
i=1

HH
i Hi

)−1( K∑
i=1

HH
i Z

(k)
i (ejω)

)
(17)

Assuming that the sub-matrix Hi is known to the ith sensor and
noting that Z

(k)
i (ejω) is also known to the ith sensor. Evaluating

(17) merely involves computing the average terms inside the two
brackets in (17). Following the idea from [1], these terms can be
computed distributively using Gossip exchanges. In particular, let m
denotes the Gossip iteration index and we define:

h
(0)
i = HH

i Hi, z
(k,0)
i (ejω) = HH

i Z
(k)
i (ejω)
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Fig. 1. The average MSE of X(ejω) against dimension of the state N .
M = 3,K = 4, L = 41.

The Gossip exchange iterations for average consensus is given by:

h
(m+1)
i =

∑K
j=1 W

(m+1)
ij h

(m)
j , (18)

z
(k,m+1)
i (ejω) =

∑K
j=1 W

(m+1)
ij z

(k,m)
j (ejω), (19)

where W
(m+1)
ij is the (i, j)th entry of a doubly stochastic matrix

W(m+1). Employing the uncoordinated random exchange (URE)
protocol [1], at iteration m, a sensor im wakes up and randomly
selects one of its neighbors jm ∈ Njm . The two sensors im and jm
exchanges information and W(m) = 0.5(eim + ejm)(eim + ejm)T .
Repeating the same process and assuming that the underlying graph
between sensors is connected, it is guaranteed that as m→∞:

h
(m)
i =

1

K

K∑
i=1

HH
i Hi, z

(k,m)
i (ejω) =

1

K

K∑
i=1

HH
i Z

(k)
i (ejω),

for all i. This is exactly what we want in (17). Therefore, (17) can
be replaced by the above decentralized computation and we compute
X̂

(k+1)
i (ejω) at the ith sensor using h(m)

i and z(k,m)
i (ejω). We

remark that the average consensus for h(m)
i needs not be repeated

for each of the kth AO iteration.

IV. NUMERICAL RESULTS & CONCLUSION

This section investigates the effects of sampling offsets on state
estimation using numerical examples. The first part of this section
considers the case when the state and measurement are generated
using synthetic data. The spectrum X(ejω) is generated by perform-
ing an L-point DFT on L complex zero-mean unit variance white
Gaussian generated samples, while the spectrum of the asynchronous
measurements Zi(e

jω) is obtained according to (5). The additive
noise Vi(e

jω) is a complex white Gaussian random vector with
variance of σw = 10−2. We also assume W = 1 and the offset error
is uniformly distributed over [−0.2, 0.2]. For the simulation results,
we focus on comparing the mean square error (MSE) in estimating the
DFT spectrum, i.e., the average of 1

L

∑
ω∈Ω ‖X̂(ejω) − X(ejω)‖22

where X̂(ejω) is the estimated spectrum. The performance of the
proposed method is compared to two benchmarks: the curve ‘offset-
free lower bd’ refers to the case when no offset error is introduced;
the curve ‘offset-unware bound’, instead, refers to the case when the
state estimator is unaware of the offset error. For the AO algorithm,
we initialize it by setting bi = 0 for all i and terminate it with
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Fig. 2. The IEEE-14 bus system. The locations of the PMU placements are
indicated by red. The PMUs are placed on bus {2, 4, 5, 6, 8, 9, 11}.

max{L, 30} iterations. For faster convergence, the update (16) is
repeated for 10 times at each AO iteration.

The first numerical example is shown in Fig. 1, where the MSE
error is plotted against the dimension of the state space N , under 1000
Monte Carlo simulations. We first observe that the offset-unaware’s
MSE can be 104−105 times of the offset-free’s one. This shows the
detrimental effect of sampling offset to state estimation. Secondly,
applying the proposed algorithm can significantly improve the MSE
in the presence of asynchronous sampling. It is important to point
out that from Corollary 1, the state and timing errors are uniquely
identified only if KM ≥ 2N . In this example, we require that N ≤
6. This explains the increasing slope in the MSE when N > 6.

The next scenario of interest is the state estimation problem in
WAMS. Here, we consider the IEEE-14 bus system in MATPOWER
[12] as illustrated by Fig. 2. The PMUs are placed on 7 buses in the
system and the corresponding dimensions are

∑K
i=1 Mi = 31 and

N = 14. To obtain the spectrum X(ejω), We generate L samples of
the complex voltage x(t) = v(t), taken at an interval of 10 minutes.
The offset error bi is uniformly distributed over [−0.5, 0.5]. The
decentralized version for these algorithms based on Gossip exchange
in Section III-A is also illustrated. For comparison purpose, we have
implemented the diffusion LMS [10] for tackling (15). Here, we
assume that the underlying communication networks between PMUs
is fully connected. For the decentralized algorithms, the MSE is
calculated as 1

KL

∑K
i=1

∑
ω∈Ω ‖X̂

(k)
i (ejω)−X(ejω)‖22.

The second numerical example demonstrates the MSE performance
of the joint state and timing regression problem against frame size
L under 100 Monte Carlo simulations; as shown in Fig. 3. Firstly,
let us focus on the proposed algorithm (centralized). Especially, the
performance is better than the results obtained with synthetic data
in Fig. 1. A possible explanation for this is that the measurement
matrix Hi in WAMS is sparse. Secondly, the performance with
the gossip-based implementation is also shown. As observed, the
proposed gossip-based algorithm achieves a similar performance as
its centralized counterpart. For a smaller number of iterations, its
performance is also significantly better than its LMS counterpart.
However, we remark that in the LMS implementation of (15), the
sensors are not required to compute any matrix inverses. The LMS
algorithm is thus more suitable for large-scale systems.
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Fig. 3. The average MSE of X(ejω) against the frame size L using the
IEEE-14 bus system in Fig. 2.

To summarize, in this paper, we have considered the state esti-
mation problem with sampling offsets. We have developed a new
formulation for the problem and provided a necessary and sufficient
condition for the recovery of both timing error and state to be done.
Moreover, we proposed an algorithm that tackles the joint regression
problem and showed that the algorithm can be implemented in a
decentralized manner. Furthermore, the effectiveness of the proposed
algorithm is corroborated by our simulation results.
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