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Abstract—When capturing data on a sensor field to uncover
its latent structure, there are often nuisance parameters in the
observation model that turn even linear regression problems
into non-convex optimizations. One common case is the lack of
common timing source in ADCs, therefore samplings are done
with time offsets. Motivated by the desire of estimating jointly the
sensor field and nuisance parameters in a wide area deployment,
this paper derives a new decentralized algorithm that combines
alternating optimization and gossip-based learning. The proposed
algorithm is shown to converge to the neighborhood of a local
minimum, both analytically and empirically.

Index Terms—decentralized regression, asynchronous sam-
pling, sub-Nyquist sampling, gossip algorithm

I. INTRODUCTION

Recently, a number of papers sought numerical methods
for decentralized optimization in sensor networks. A major
thrust behind these developments is that a large amount of
data is ubiquitously acquired by a large number of sensors.
As these sensors are physically distributed over a wide area,
their data are often acquired through a mesh network of data
concentrators. Efficient decentralized numerical method could
harness the computational power available in the network
itself.

One of the earliest studied problems which calls for decen-
tralized optimization is linear regression. The linear regression
problem constitutes a convex optimization with a common
variable and admits a closed form solution when solved
at a central station. In the context of sensor networks, a
decentralized method is designed to coordinate the sensors
such that a common variable can be found to minimize the
objective function. In fact, decentralized methods applicable
to this type of problems have been widely studied [1]–[5];
and considered in practical systems [6]–[9].

In certain scenarios (e.g., cyber physical systems), it is
more natural to assume that the underlying sensing model
beneath the linear regression formulation includes local nui-
sance parameters. For example, when the individual agents are
not synchronized in time, [10], [11] have shown that a local
parameter has to be introduced for modeling the time offsets
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between sensors. Notice that the resulting regression problem
will be non-convex and a different solution approach will be
needed.

The rest of this paper is organized as follows. In Section II
& III, we derive a decentralized algorithm using on the ideas
of gossip-based average consensus and alternating optimiza-
tion. The convergence of the algorithm will be analyzed. In
Section IV, we demonstrate that the developed algorithm is
applicable to the joint regression problem under asynchronous
and sub-Nyquist sampling. Lastly, the paper will be concluded
with some numerical results in Section V.

II. PROBLEM STATEMENT

Consider a regression problem of the following type:

min
x,b

f(x, b) ,
N∑

p=1

‖gp(x, bp)‖22 s.t. x ∈ Rn, bp ∈ Bp, (1)

where Bp ⊆ Rm is a convex set and gp is linear in x, i.e.,

gp(x, bp) = ζp(bp)−Hp(bp)x. (2)

Problem (1) may be non-convex even though gp is linear.
Our goal is to solve (1) using N networked agents, de-

scribed by an undirected graph G = (V, E). Specifically, we
assume that the partial objective function gp(x, bp) is only
known to the pth agent. In this way, we may regard x as
the common variable that has to be agreed upon each of the
agents; and bp is a local variable to the pth agent.

We notice that (1) has the following properties.

1) When bp are fixed, the optimization (1) is convex in x.
In particular, the problem can be solved by:

x?(b) =
( N∑

p=1

Hp(bp)THp(bp)
)−1( N∑

p=1

Hp(bp)T ζp(bp)
)

(3)
2) When x is fixed, the optimization (1) is separable in bp.

In other words, given x, agent p is able to optimize bp
independently.

These observations suggest us to adopt the alternating opti-
mization (AO) approach as the backbone for tackling (1).
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Algorithm 1 The Gossip-based AO algorithm for (1).

1: Initialize: {x0
p}Np=1, {b0

p}Np=1;
2: for k = 0, 1, ... do
3: The network compute x̃`k

p (bk) for each p using `k G-
AC steps (see Section III-A). The solution x̃`k

p (bk) is
an approximate solution to x?(bk) in (3).

4: for p = 1, 2, ..., N do
5: Agent p updates its copies of x and bp as:

xk+1
p ← x̃`k

p (bk), (4)

bk+1
p ← PBp

(
bkp − β∇bp

‖gp(xk+1
p , bkp)‖22

)
(5)

where PBp(·) is the projection operator onto Bp and
β > 0 is a step size.

6: end for
7: end for
8: Return: {xk

p}Np=1, {bkp}Np=1.

III. GOSSIP-BASED AO ALGORITHM

The AO algorithm for (1) includes two steps, in which only
one optimization variable (x or b) is updated at a time. Since
the problem in (1) is separable in terms of bp when x is fixed,
this stage of the AO algorithm is inherently decentralized.
Our remaining task is to tackle the optimization of x in a
decentralized manner.

The optimization of x in (1) while fixing b is equivalent
to solving a standard least square problem. To this end, a
number of existing decentralized algorithm can be employed,
e.g., the diffusion-based recursive least square (RLS) [1] and
least mean square (LMS) [4].

In this paper, we adopt a different approach by study-
ing a gossip-based average consensus (G-AC) method for
distributively computing the closed form solution (3). This
approach has been demonstrated in [10]–[12] to provide a
good performance for linear regression. Another advantage for
this method is that an error bound to the obtained solution can
be easily obtained and exploited in analyzing the algorithm
convergence properties, as we will discuss in the paper. We
first summarize the proposed algorithm in Algorithm 1.
A. Gossip-based average consensus for computing (3)

To begin our endeavor, we observe that the computation of
(3) merely involves the averages of {Hp(bp)THp(bp)}p and
{Hp(bp)T ζp(bp)}p, i.e., we can replace (3) by

x?(b) =( 1

N

N∑
p=1

Hp(bp)THp(bp)
)−1( 1

N

N∑
p=1

Hp(bp)T ζp(bp)
)
.

(6)

This suggests us to treat the task of computing (3) as a
decentralized averaging problem. Specifically, we apply the
gossip-based average consensus (G-AC) method in [13]. Now

let us take z0
p , [Hp(bp)T ζp(bp); vec(Hp(bp)THp(bp))]. It

suffices to compute (3) by obtaining the average of {z0
p}p, i.e.,

z̄ = (1/N)
∑N

p=1 z
0
p. (7)

The G-AC method performs the following recursions:

z`p =
∑

q∈Np
W `

pqz
`−1
q , (8)

where Np ⊆ V denotes the set of neighbors of agent p.
The mixing matrix W` = [W `

pq]p,q satisfies a certain set of
mild conditions (see [13]), e.g., it is required to be doubly
stochastic, i.e., W`1 = 1 and 1TW` = 1T .

As indicated by (8), at each G-AC step `, the agent p
only obtains information from its immediate neighbors, i.e.,
q ∈ Np. Moreover, as W` can be time-varying, only a subset
of links E` ⊆ E are required to be active at each G-AC
step. The G-AC method requires only local computation and it
allows random communication between the agents. Finally, the
variable x̃`k

p (bk) is computed using the approximate averages
of {Hp(bp)THp(bp)}p and {Hp(bp)T ζp(bp)}p stored at the
pth agent after `k G-AC steps.

We conclude this subsection by commenting on the conver-
gence of G-AC. As shown in [13], the recursion (8) converges
to the true average vector z̄. In fact, the rate of convergence
is exponential, i.e., ‖z`p− z̄‖ = O(λ`

W̄
) where 0 < λW̄ < 1 is

the second largest eigenvalue of the expected mixing matrix
W̄ = E{W`}. Consequently, the accuracy on x̃`k

p (bk) also
improves exponentially with `k:

Lemma 1. Suppose that

C0 · C1 · λ`kW < 1, (9)

where C0 = maxb ‖
∑

p H(bp)TH(bp)‖ and C1 =

maxb ‖(
∑

p H(bp)TH(bp))−1‖ are finite constants, then
x̃`k
p (bk) computed using `k G-AC steps satisfies:∑N

p=1 ‖x?(bk)− x̃`k
p (bk)‖ ≤ θ(λ`min

W̄
), (10)∑N

p=1 ‖x?(bk)− (1/N)
∑N

q=1 x̃
`k
p (bk)‖ ≤ φ(λ`min

W̄
), (11)∑N

p=1 ‖x̃`k
p (bk)− (1/N)

∑N
q=1 x̃

`k
p (bk)‖ ≤ ψ(λ`min

W̄
), (12)

where `min = mink `k and θ(x), ψ(x), φ(x) are functions that
grows linearly with x.

The proof is in [11] and it is closely related to that in [12],
which relies on a series expansion of the matrix inverse.

B. Convergence of the gossip-based AO algorithm

We have shown that the G-AC step for obtaining x̃`k
p (bk)

in a decentralized manner provides a good approximation for
x?(bk). In this subsection, we study the convergence of the
proposed gossip-based AO algorithm in Algorithm 1.

To provide some insights, let us consider the special case
when the closed form solution (3) is obtained by performing



a centralized computation. In this case, the centralized AO
algorithm can be analyzed as a Block Successive Minimization
Method (BSUM) in [14]. Specifically, [14] shows that the
algorithm converges to a local minimum as k →∞.

On the other hand, from Lemma 1 we observe that the
gossip-based AO algorithm can be analyzed as a perturbed
BSUM. This suggests that the gossip-based AO algorithm
should also converge to the neighborhood of a local minimum,
as confirmed in the following:

Theorem 1. Let (x?, b?) be a local minimum to (1) and f be
(mo,Mo)-strongly convex in the neighborhood NR?(x?, b?)

with radius R? and it has a Lipschitz constant of Lo. Suppose
β < 1/Mo, B , maxk ‖(xk, bk) − (x?, b?)‖ < ∞ and B ≤
R?, then we have:

lim
k→∞

‖(x̂k, bk)− (x?, b?)‖2 ≤ ρ(λ`min

W ), (13)

where x̂k , (1/N)
∑N

p=1 x
k
p and1

ρ(λ`min

W ) , O
(√

λ`min

W

)
=

2

mo
×Loφ(λ`min

W̄
) +BMoθ(λ

`min

W̄
) +

√
θ(λ`min

W̄
) + ψ(λ`min

W̄
)

1/(18B2LoMo)


The proof can be found in [11]. In particular, one of the key
steps is to show that

(f(x̂k, bk)− f(x?, b?))− (f(x̂k−1, bk)− f(x?, b?))

≤ Lo(θ(λ`min

W̄
) + ψ(λ`min

W̄
))− (Mo/2)‖bk − bk−1‖22.

(14)

The proof follows by i) lower bounding ‖bk − bk−1‖22 using
the convexity of f in the neighborhood; ii) studying the error
dynamics as a discrete dynamical system.

The theorem shows that the gossip-based AO algorithm
converges to an approximate local minimum solution, where
the approximation accuracy decays exponentially with the
number of G-AC steps taken per iteration. Notice that the
(locally) strongly convex assumption is observed to be true
in our applications and the simulation results in Section V
corroborate the trend predicted from Theorem 1.

IV. REGRESSION UNDER ASYNCHRONOUS AND

SUB-NYQUIST SAMPLING

The aim of this section is to formulate the regression
problem under asynchronous and sub-Nyquist sampling. We
highlight that the required regression problem can be written
in the form of (1), such that decentralized regression will be
possible by applying the gossip-based AO algorithm.

Our scenario of interest is a sensor network that captures
the continuous-time sensor field xc(t) ∈ Rn using N sensors.
Assume that the signal is band-limited by 1/(2Ts) Hz. We

1The bounds obtained are not optimized and can be improved.

focus on the case when the sensors are taking memory-
less, asynchronous and sub-Nyquist measurements on xc(t).
Specifically, the ith sample recorded at the pth sensor is:

ζp[i] = Hpxc((iAp − bp)Ts) +wp[i], (15)

where Ap ≥ 1, Ap ∈ Z is the down-sampling factor of the pth
sensor and bp ∈ R is the time offset in sampling, wp[n] ∼
N (0, σ2I) is an additive noise and Hp ∈ Rm×n represents
the measurement matrix for the pth sensor.

As xc(t) is bandlimited, it suffices to estimate the Nyquist-
rate samples of xc(t), i.e., x[i] , xc(iTs), for our task. We
assume that the down-sampling factor Ap is known, while the
time offsets bp is the unknown nuisance parameter. The field
xc(t) is also shift invariant such that we do not distinguish
between xc(t) and xc(t− t0). In this case, we can set b1 = 0

without loss of generality.
In fact, the time offsets are essential to the recovery of x[i]

from the possibly sub-Nyquist samples in (15), when exploited
correctly; see [11] for some discussions.

A. Problem formulation

Our next endeavor is to derive the regression problem under
model (15) with asynchronous and sub-Nyquist sampling.
Note that from (15), it is impossible to infer a single sample
x[i] by taking one snapshot of the measured signal {ζp[i]}Np=1,
as the latter also depends on the samples {x[j]}j 6=i.

We resort to an offline processing scheme that performs a
batch regression of the Fourier series of a long data stream.
In particular, we observe that the frequency-domain equivalent
model to (15) admits the following representation:

Observation 1 Let xc(t) be bandlimited by 1/(2Ts) Hz and

Ωa
Ap

(ω) ,
( ω
Ap
− a

Ap
2π
)

mod (−π, π]. (16)

The measurement model (15) is equivalent to the following:

Zp(ejω) =
1

Ap

Ap−1∑
a=0

e
−jbpΩa

Ap
(ω)

HpX
(
e
jΩa

Ap
(ω)
)

+ Vp(ejω),

(17)
where Zp(ejω), Vp(ejω) and X(ejω) are the discrete-time
Fourier transform (DTFT) of ζp[i], vp[i] and x[i], respectively.

A key to verifying the above observation is to decompose x[i]

into its polyphase components and study the spectrum of the
down-sampled signal; see [11], [15].

Observation 1 shows that the observation on X(ejω) is
subjected to linear transformation, linear phase shift and
aliasing. These effects, when combined, can be viewed as a
linear transformation on X(ejω) with given time offset bp. To
see this, we first need to ensure that the measured samples



are obtained at the same sampling rate. It can be achieved by
generating the following samples from ζp[i]:

ζqp [i] = ζp[Qpi− q], q = 0, 1, ..., Qp − 1, (18)

where Qp , A/Ap and A , LCM{A1, ..., AN}. These sam-
ples are equivalent to those sampled at 1/A of the Nyquist rate.
Next, by noting that Ωa

A((−π, π]) is disjoint with Ωb
A((−π, π])

for a 6= b, we can define the following extended spectrum:

X̃(ejω) =
[
X
(
ejΩ0

A(ω)
)T

. . . X
(
ejΩA−1

A (ω)
)T ]

, (19)

where A , LCM{A1, ..., AN}; and the extended matrix:

H̃p(bp, e
jω) =

1

A

[
e−jbpΩ0

A(ω) . . . e−jbpΩA−1
A (ω)

]
⊗Hp. (20)

Using Eq. (19) & (20), the observed spectrum in (17) can be
simplified as:

Zq
p(ejω) = H̃p(bp − qQp, e

jω)X̃(ejω) + Vq
p(ejω), (21)

which is a linear function in X̃(ejω).
We now discuss how the spectrum Zq

p(ejω) can be obtained
from a finite number of measurements. To this end, we ap-
proximate Zq

p(ejω) by the following K-point discrete Fourier
transform (DFT) spectrum:

Zq
p[k] =

∑L−1
m=0 ζ

q
p [m]e−jωkm, k = 0, ...,K − 1, (22)

where ωk , 2π(k −K + 1)/(K) and K ≥ L is required. In
this way, the sequence {x[i]}AL−1

i=0 can be inferred from the
collection of spectrum {Zq

p[k]}p,k.
Finally, from (21) we can derive the following regression

problem for estimating {x[i]}AL−1
i=0 :

min
{x[i]}AL−1

i=0 ,{bp}Np=2

N∑
p=1

fp({x[i]}AL−1
i=0 , bp)

s.t. Eq. (19), bp ∈ Bp, ∀ p,

(23)

where, denoting by X(ejωk) =
∑AL−1

m=0 x[m]e−jωkm,

fp({x[i]}AL−1
i=0 , bp) ,

Qp−1∑
q=0

K−1∑
k=0

∥∥∥Zq
p[k]− H̃p(bp − qQp, e

jωk)X̃(ejωk)
∥∥∥2

2
.

(24)

Since X̃(ejωk) is a linear function of {x[i]}AL−1
i=0 (cf. (19)),

the regression problem (23) is a special case of (1). Hence,
the gossip-based AO algorithm can be applied. Note, however,
that the model is exact only in the limit, thus there is a trade-
off between the complexity of solving (23) and the quality of
the approximation, that improves when the number of DFT
points K is large.
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Fig. 1: The objective value against iteration number for solving an instance
of (23). The data to the regression problem (23) is obtained with L = 40.

V. NUMERICAL RESULTS

This section presents numerical results that demonstrate the
efficacy of the proposed algorithm. We test the decentralized
regression under asynchronous sub-Nyquist sampling using
synthetic data. The elements in the vectors x[i] and matrices
Hp are generated as (complex) i.i.d. Gaussian random variable
with zero-mean and unit variance.

Throughout this section, we assume the system parameter
of n = 6, m = 2 and N = 12. The down-sampling
factor is A = 2 for all sensors, while the time offset bp
is generated as a uniform random variable over [−0.5, 0.5].
We also set Bp = [−0.5, 0.5] to account for the said range
of bp. The noise variance is fixed at σ2 = 10−2. For the
gossip-based AO algorithm, we assume that the underlying
communication network is generated as an Erdos-Renyi graph
with a connectivity of p = 0.5. The G-AC step is performed
by a static mixing matrix W, which is computed from the
generated graph using the Metropolis-Hastings rule [16].

We set K = 192 for the DFT approximation (cf. (22)). To
remedy the modelling error incurred in (22), we pre-process
the data ζqp [i] by applying a length L Blackman window
[17]. The estimation performance of x[n] is compared by
calculating the mean square error (MSE) for the samples in
the middle portion of the frame:

MSE =
1

2G+ 1

AL/2+G∑
m=AL/2−G

‖x[m]− x̂[m]‖22
n

, (25)

with G = b0.3Lc and x̂[m] is the estimate produced by
tackling (23). For the gossip-based AO algorithm, the MSE
is evaluated as the maximum of the MSE errors of {x̂p[n]}p,
i.e., MSE = maxp MSEp.

The first numerical example illustrates how the performance
of the gossip-based AO algorithm corroborate Theorem 1. We



Fig. 2: The MSE performance against the frame size L with different
algorithm for tackling (23). (Left) the MSE performance on estimating x[i].
(Right) the MSE performance on estimating bp.

consider an instance of (23) and tackle it using the centralized
AO and gossip-based AO algorithms. Subsequently, in Fig. 1
we compare the objective values versus the iteration number
of different cases. We observe that the objective value of
the gossip-based AO algorithm converges to a value close to
that achieved by the centralized AO algorithm. Moreover, the
difference between the (converged) objective values decreases
rapidly as the number of G-AC steps (`min) increases. This
agrees with the conclusions in Theorem 1, where the difference
between the converged solution in gossip-based AO and a local
minimum shrinks exponentially with `min. We also observe
that the convergence is generally fast, where a reasonable
solution is found within the first 100 iterations.

The second numerical example aims at showing the regres-
sion problem (23) can be used to recover the sensor field xc(t)

from the asynchronous sub-Nyquist samples. Specifically, we
compare the MSE performance (of both x[i] and bp) of the
proposed algorithms. The algorithms are terminated when the
number of iterations reaches 200. We also benchmark the MSE
evaluated with first performing a linear regression on the sub-
Nyquist samples and then interpolating the obtained samples,
labeled as ‘interpolated error’. The MSE errors are obtained
with 100 Monte-Carlo trials.

The numerical results are shown in Fig. 2. We observe
that the MSE performance in the estimation of the time
offsets bp improves as the frame size L increases. It is also
observed that the MSE hits an error floor with L exceeding
80, whose most plausible cause is the residual modeling error
introduced by the DFT approximation. Lastly, we compare
the MSE performance with centralized AO and gossip-based
AO. We see that the decentralized algorithm achieves a similar
performance as its centralized counterpart when the number of
G-AC steps exceeds 10.

VI. CONCLUSION

In this paper, we have proposed a new decentralized al-
gorithm for optimization problems with nuisance local pa-

rameters. The proposed algorithm combines the AO strategy
with gossip-based average consensus. The conditions for con-
vergence of the proposed algorithm is also provided. As an
application, we have shown that the decentralized regression
problem under asynchronous and sub-Nyquist sampling can be
cast into a special case of the interested type of optimization
problem. The simulation results verify the correctness of the
theory and demonstrates that the regression problem can be
solved under the impact of imperfect sampling devices.
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