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Abstract—Average consensus is a decentralized computation
algorithm for calculating the average of the state variables of
the nodes in a network. Over wireless networks, it is typically
implemented using point-to-point random access scheduling.
Wireless communications, however, are interference limited and
when the available bandwidth is fixed, the expected delay in
achieving a certain precision in the average value increases as
the network size scales up. We show that this limitation in large
networks disappears if we use specially structured codes. We
analyze a combined source and channel coding strategy that
uses an incoherent combination of power over orthogonal sub-
channels for the average consensus protocol. We show that in
spite of the bandwidth and power limitations, with our simple
strategy the delay and precision can be kept bounded while
increasing the number of participants.

I. INTRODUCTION

Network architectures which utilize a fusion center are
naturally constrained - the fusion center is a communication
bottleneck and a single point of failure. Gossiping protocols
[1], [2] on the other hand, offer an alternative by relying on
repeated near-neighbor communications across the network.
Such protocols are attractive in wireless sensor network appli-
cations for a number of reasons. For example, they alleviate the
complexity of the network layer. The low control overhead of
local communications is well suited to the low operating power
restriction of sensors. In addition, gossiping protocols are
robust to node failures and possible network topology changes
since they can adapt to such modifications. Unfortunately,
gossiping protocols are not a panacea. While they do not suffer
from a single point of failure, they are not immune to com-
munication bottlenecks. These bottlenecks can be described in
different terms depending on the abstraction chosen to analyze
the network. For example, possible bottleneck measures are: a
limit on the number of messages exchanged, packet drop rate,
the number of bits per message used, or delay.

In this paper we focus on a particular type of gossiping -
average consensus - which is aimed at computing the average
of the states of all nodes distributedly [1]–[3] (c.f. Section
II for a review). In the case of average consensus, in order to
achieve a certain precision in the consensus estimate in a given
time, each node should successfully receive a certain average
number of updates from its neighbors. The rate at which a
node can receive these updates is a communication bottleneck.
As the network size and the number of neighbors increases,
the main source of this bottleneck is congestion since greater
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traffic in the channel is associated with increased packet
drop and delay. Network congestion can be mitigated by
increasing the available spectrum, but unfortunately, increasing
transmission power yields no benefit. Therefore, even if we
neglect the problem of transmitting under a rate constraint,
computing the average of states in an infinitely dense network
over a bandlimited wireless channel using standard scheduling
is impossible due to congestion. In this paper we show that,
by rethinking conventional assumptions on the communication
architecture, it is possible to prove this conclusion invalid.
We show that this limitation disappears if we combine the
computation with source and channel coding.

The paper is organized as follows. In section II we present
basic results on the average consensus algorithm and demon-
strate its poor scalability. Section III introduces data driven
consensus. In sections IV and V we examine the convergence
and MSE properties of our algorithm. Section VI concludes
the paper.

II. AVERAGE CONSENSUS AND ITS PERFORMANCE

Each node is assumed to have a long sequence of data,
denoted by vector θ(0, i) ∈ R

m, to average where i = 1, . . . , n
denote the node indices. Nodes initialize their local states with
these values θ(0, i) at iteration t = 0. At the (t+1)st iteration
node i receives values θ(t, j) from all the neighboring nodes
j ∈ Ni, where Ni denotes the set of neighbors of node i, and
updates its state as follows-

θ(t + 1, i) = θ(t, i) +
n∑

j=1

aij(t)(θ(t, j) − θ(t, i)), (1)

where aij(t) ≥ 0 is the ijth element of the non-negative
network adjacency matrix A(t) with aij(t) = 0 if i = j or if
the nodes are not neighbors. The update term-

u(t, i) =
n∑

j=1

aij(t)(θ(t, j) − θ(t, i)) (2)

is obtained via near-neighbor communications. Stacking these
vectors θ(t, i) in a super vector θ(t) ∈ R

mn:

θ(t) = [θT (t, 1), . . . ,θT (t, n)]T , (3)

the average consensus iterations can be written as θ(t + 1) =
(W (t)⊗I)θ(t) where ⊗ denotes the matrix Kronecker product
and W (t) = (I − diag(A(t)1) + A(t)).



Consensus protocols combine information diffusion with
computation, which leads to a natural trade-off between the
number of iterations required and the accuracy achievable
in consensus. This trade-off has been studied extensively for
both the synchronous [4] and asynchronous versions of the
algorithm [1] and is summarized in the following lemma [1].

Lemma 1. Let W (t) = W . The average Mean Squared Error
(MSE) at iteration t for consensus without quantization is-

MSEAC(t) =
1

mn
E{||θ(t) − (J ⊗ I)θ(0)||2} (4)

≤ λ2t
2 (W )

E{‖θ(0)‖2}
mn

(5)

where λ2(W ) denotes the second largest eigenvalue of W and
‖·‖ denotes the l2 norm operator.

This single letter characterization of the network rate of
convergence, denoted by λ2(W ), holds if we assume that
the communications between neighboring nodes are always
successful and have infinite precision.

A. Scalability

We will now setup a comparison of standard average
consensus with our structured codes. We illustrate heuristically
that standard average consensus scales poorly with n because
λ2(W ) n→∞→ 1.

Consider the following extreme strategies for exchanging
messages in the network: (1) keep the communications local or
(2) try to reach distant neighbors. We examine what happens
to λ2(W ) for n � 1 for each of these strategies.

To illustrate the (lack of) scalability of the network in the
first case, consider n sensors deployed in a circle of radius r
and let a node communicate with k neighbors on either side of
it. We let the set of neighbors Ni, ∀i be fixed while increasing
n. The adjacency matrix A = ε · circ(0,1T

k ,0T
n−2k−1,1

T
k ),

where 1k is the all-ones vector in R
k and ε some constant, is

circulant. In this case the eigenvalues of W can be computed
in closed form [5]. Given that |Ni| = 2k, ∀i is kept constant
while n scales up, the following lemma holds.

Lemma 2. For the given circulant network, and k fixed, the
second largest eigenvalue is-

λ2(W ) n�1→ 1 − O

(
1
n2

)
. (6)

Proof: Using Theorem 3.2.2 from [5] and simplifying, we
have λ2(W ) = 1 − 2kε + 2

∑k
l=1 ε cos

(
2πl
n

)
. Under n � 1,

use cos x ≈ 1 − x2/2 with x = 2πl
n to get λ2(W ) = 1 −

2π2ε
n2

k(k+1)(2k+1)
3 which scales as 1 − O( 1

n2 ).
This tendency is opposite to the well known requirement

that for fast convergence the Fiedler eigenvalue (λn−1(L) =
1 − λ2(W )) should be close to 1 (and λ2(W )close to 0) [2].
This argument can be generalized to the case of a circulant
network deployed on a torus in a straightforward manner.

To illustrate the (lack of) scalability of the protocol when
nodes try to communicate to all peers, possibly far away, one
can refer to the analysis of geographic gossip [3]. Intuitively,

this approach seems to improve the algebraic connectivity and
decreases the average mixing time. It was shown in [3] that
in this scenario, λ2(W ) scales as O(1 − c/n) where c is
some constant (the position of the nodes is irrelevant to obtain
this result). Thus, also in this case, albeit with a better trend,
λ2(W ) approaches 1 as n � 1 and the convergence speed
decreases. This result holds more generally for nodes deployed
randomly in a unit square. The physical distance plays an even
greater role if one considers the congestion related with multi-
hop routing, as done in [6].

III. COLLABORATIVE MAC FOR CONSENSUS

In this section we discuss our joint source channel compu-
tation scheme [7] and the assumptions that support it.

A. Assumptions

We first note that the state values θ(t) cannot be exchanged
with infinite precision because of communication constraints.
a.0 Quantization: We consider a simple suboptimal design
where all nodes use the same quantizer, with codes L = Q1×
. . . ×Qm that belong to a square lattice. The lattice contains
at most L =

∏m
p=1 Qp points, where Qp, p = 1, . . . ,m,

denotes the number of levels in the one dimensional uniform
lattice Qp. Let θp(0, i) denote the pth component of θ(0, i).
It is assumed that θp(0, i) and θp′(0, i) are independent
∀p �= p′. We assume that the range of the pth quantizer
at each node is Cσp where σp = maxi

√
V AR[θp(0, i)]

and C is a positive constant that renders clipping errors
statistically negligible. The state variables are quantized as
follows: θ(t, i) �→ θ̄(t, i) ∈ L = {q1, . . . ,qL}, where vectors
ql ∈ R

m comprise components which are quantizer centroids.
The resulting quantization error v(t, i) = θ(t, i) − θ̄(t, i) can
be assumed to be uncorrelated from state to state, approxi-
mately uniform, with statistics:

V AR[vp(t, i)] =
C2

12
σ2

p

Q2
p

, Σ =
C2

12
diag

(
σ2

1

Q2
1

, . . . ,
σ2

m

Q2
m

)
(7)

E{v(t)vT (t)} = (I ⊗ Σ). (8)

Accordingly, the quantized consensus update is-

ū(t, i) =
n∑

j=1

aij(t)(θ̄(t, j) − θ̄(t, i)). (9)

The assumption of uncorrelated quantization error, common in
considering quantization noise, is unrealistic if the quantizer
is too coarse. Hence, in all our conclusions, we assume that
the quantizer has sufficient resolution for a.0 to be valid in
practice.

We make the following assumptions on the communication
physical layer. Let τ ∈ R indicate the continuous time variable.
Let Q =

∑m
p=1 Qp.

a.1 Signal space – Time is slotted in intervals of duration
T = 1. The RF signals transmitted belong to a signal space
of dimension Q ∝ BT complex dimensions where B is the
allocated bandwidth around the carrier frequency. We denote
by {cl(τ)}Q

l=1, the base-band complex equivalent orthonormal



basis chosen to span the signal space. The signal transmitted
by node i in the tth iteration is: Si(τ, t) =

∑Q
l=1 si(t, l)cl(τ −

tT ) where si(t) = [si(t, 1), . . . , si(t,Q)]T is the vector of
coordinates of the transmit signal with respect to the basis
{cl(τ)}Q

l=1.
a.2 Node power constraint – Each node has a per iteration
power constraint P =

∑Q
l=1 |si(t, l)|2.

a.3 Incoherent channel: Fading + AWGN – Each received sig-
nal, whose complex envelope is Ri(τ, t) is affected by an
independent additive white Gaussian noise process Wi(τ)
with noise spectral density N0. The channel is broadcast.
Its distortion on ci(τ) due to asynchronism and multipath,
can be captured by a single independent fading coefficient,
changing over the slots as block fading, denoted by hij(t) ∼
CN (0, αij), where αij is the average path-loss (large scale
fading). Reciprocity holds on average, i.e. αij = αji.
a.4 Half-duplex channel: If node i has si(t, l) �= 0 for l ∈
R ⊆ [1, Q], node i cannot sense any code transmitted in the
sub-space spanned by {cl(τ)}l∈R.

Based on (a.1-a.3), a sufficient statistic for the received
signal is ri(t, l) = n−1/2 < Ri(τ, t), cl(τ − lT ) >. Given
(a.1-a.4), for l ∈ [1, Q] we have:

ri(t, l) =

{
1√
n

[∑n
j=1 hji(t)sj(t, l) + wi(t, l)

]
si(t, l) = 0

0 else.
(10)

The received vector is ri(t) = [ri(t, 1), . . . , ri(t,Q)]T , ∀i.

B. Channel Codes

We consider channel coding and decoding strategies that do
not have memory across blocks, i.e. is a code is a mapping:
θ̄(t, i) �→ si(t), i = 1, . . . , n. The receiver’s objective is to
retrieve the update estimate ū(t, i) in (9) from the received
vector ri(t), i.e. the decoder is a mapping: ri(t) �→ ū(t, i), i =
1, . . . , n. First consider the encoder.

Lemma 3. In quantized consensus, for any adjacency matrix
A(t), two nodes whose states fall in the same quantization bin
at iteration t do not need to communicate during that iteration.

Proof: Based on a.0, the quantized update ū(t, i) =∑n
j=1 aij(t)(θ̄(t, j) − θ̄(t, i)) can be decomposed as:

ūp(t, i) =
Qp∑
k=1

(qk − θ̄p(t, i)){m(t, i)}l′ , p = 1, . . . , m, (11)

where l′ =
∑p−1

p′=1 Qp′ + k, qk ∈ {Qp}, and

{m(t, i)}l′ =
n∑

j=1

aij(t)δ[ql′ − θ̄p(t, j)] (12)

with δ[x] = I{x=0}. Of all the terms {m(t, i)}l′ , the one that
corresponds to qk = θ̄p(t, i) is always weighted by zero. This
proves our statement.

Based on this lemma, the state information can be embedded
in a code that delivers at each node the message m(t, i)

directly and collaboratively. m(t, i) denotes the network in-
formation that node i needs to know in order to compute its
consensus update.

We now present the multiple access scheme and the codes
for m(t, i). Let l′ =

∑p−1
p′=1 Qp′ + k where k = 1 . . . , Qp.

Then we choose the coefficients si(t, l′) as follows:

θp(t, i) �→ θ̄p(t, i) �→ si(t, l′) = ejφl′ δ[ql′ − θ̄p(t, i)] (13)

where ql′ ∈ {Qp} and φl′ ∼ U [0, 2π). Now consider the
decoder.

Lemma 4. With these codes, when the adjacency matrix
coefficients are equal to aij = αij/n, the Maximum Likelihood
(ML) estimate of {m(t, i)}l, l = 1, . . . , Q in (12) is:

{m̂(t, i)}l = |ri(t, l)|2 − N0

n
. (14)

Proof: Let aij = αij

n for i �= j. Consider an arbitrary
p = 1, . . . ,m. Let l′ =

∑p−1
p′=1 Qp′ + k where k = 1 . . . , Qp.

Then, the quantity we want to estimate given ri(t, l′) is-
{m(t, i)}l′ = 1

n

∑n
j=1 αijδ[ql′ − θ̄p(t, j)]. Given sj(t, l′),

from (10) we have that-

ri(t, l′) ∼ CN
⎛
⎝0,

1
n

n∑
j=1

αij |sj(t, l′)|2 +
N0

n

⎞
⎠ . (15)

From the coding scheme (13), |sj(t, l′)|2 = δ[ql′ −
θ̄p(t, j)]. Substituting this in (15) we get that ri(t, l′) ∼
CN (0, {m(t, i)}l′ + N0

n ). Then the ML estimate is given by:

{m̂(t, i)}l′ = arg max
exp

{−|ri(t, l′)|2/({m(t, i)}l′ + N0
n )
}

π({m(t, i)}l′ + N0
n )

The result follows upon simplification.
The encoding strategy is given in (13). To decode, each

node i constructs -

û(t, i) =
Q∑

l=1

(ql − θ̄(t, i)){m̂(t, i)}l′ (16)

from the received signal ri(t). Based on Lemma 4, û(t, i) is
the estimate of ū(t, i). Now the usual vector consensus update
of the form (1) can be applied using quantized states.

In the above scheme, the ML estimate of {m(t, i)}l is
obtained by using only one received signal sample. A simple
way to reduce the error in estimating the network information
is to use repetition coding. Suppose a (Ψ, 1) repetition code
is employed by all nodes. Then the code corresponding to the
coefficient si(t, l) is transmitted by each node Ψ times. The
cost of using the repetition code is a bandwidth expansion on
the order of Ψ per iteration.

Corollary 1. When a (Ψ, 1) repetition code is used, the ML
estimate of {m(t, i)}l′ is-

{m̂(t, i)}l′ =
1
Ψ

Ψ∑
s=1

|ris(t, l′)|2 − N0

n
(17)

where ris(t, l′) denotes the sth sample of ri(t, l′).



In the remainder of the paper we will analyze the perfor-
mance of these data driven codes and verify that it scales with
the network size.

IV. CONVERGENCE

A. Convergence in Expectation

In terms of the average behavior, our algorithm behaves
exactly like the standard average consensus algorithm using
quantized states and therefore converges in expectation.

Lemma 5. For any given initial state θk(0):

E{{m̂(t, i)}l′} = {m(t, i)}l′ , ∀l′.

Therefore, the multiple access coding method proposed on
average tends to the same result as quantized consensus.

Proof: Let l′ =
∑p−1

p′=1 Qp′ +k. Now ri(t, l′) is circularly
symmetric complex gaussian (15). So |ri(t, l′)|2 is exponential
with parameter ( 1

n

∑n
j=1 αijδ[ql′ − θ̄p(t, j)]+N0/n)−1. Not-

ing aij = αij/n, irrespective of the repetition code order Ψ,
it follows that E{{m̂(t, i)}l′} =

∑n
j=1 aijδ[ql′ − θ̄p(t, j)] =

{m(t, i)}l′ as desired.
In the next section we prove a stronger result. We prove

that in the asymptote n → ∞, the algorithm converges to the
initial quantized mean almost surely.

B. Asymptotic Convergence

Let the state of the network at iteration t be denoted by
the mn-length quantized state vector θ̄(t). When Q < ∞ the
evolution of the quantized system states θ̄(t) can be modeled
as a finite Markov chain governed by a transition probability
matrix that is a function of the previous states and the statistics
of the channel. Define a set of system states S = {θ̄ : θ̄ =
(1n⊗c)} where c ∈ R

m is a constant such that each cp ∈ Qp.
The set S contains all possible quantized consensus states.
In the absence of noise, i.e. N0 = 0, S represents the set
of all absorbing states of the finite Markov chain since the
data driven transmission scheduling and a.4 guarantee that no
further updates will occur in the system. We can show that as
n → ∞, S remains a closed class even when N0 �= 0.

Lemma 6. In the limit n → ∞, S is a closed class-

lim
n→∞P (S is closed) = 1. (18)

Proof: Let θ̄(t) ∈ S i.e. θ̄(t, i) = c, ∀i. Then
Pr(S is closed)

= P

(
n⋂

p=1

n⋂
i=1

θ̄p(t + 1, i) = cp|θ̄(t) ∈ S
)

(19)

a=
m∏

p=1

n∏
i=1

P (θ̄p(t + 1, i) = cp|θ̄(t) ∈ S) (20)

b=
m∏

p=1

n∏
i=1

[
Q

(
−Δp

2

σûp(t,i)

)
− Q

(
Δp

2

σûp(t,i)

)
|θ̄(t) ∈ S

]

n→∞→ 1 (21)

where Δp is the quantizer step size for the pth component and
Q(x) = 1√

2π

∫∞
x

et2/2dt. (a) follows from the mutual inde-
pendence of θp(t + 1, i)|θ̄(t) over p, i and (b) from using the
consensus update equation and approximating the distribution
of ûp(t, i) as gaussian. Refer to the appendix for an expression
for V AR(ûp(t, i)) = σ2

ûp(t,i). Given θ̄(t) ∈ S, in the limit

n → ∞, V AR(ûp(t, i)) → 0. Hence, Q

(
−Δp

2
σûp(t,i)

)
→ 1 while

Q

(
Δp
2

σûp(t,i)

)
→ 0, giving us the result.

It is well known that if S is the only closed class and
∃ t∗ > t such that P (θ̄(t∗) ∈ S|θ̄(t) /∈ S) > 01, then
limt−→∞P (θ̄(t) ∈ S) = 1. Based on this fact we have the
following theorem which we state without proof-

Theorem 1. Let S denote the set of all absorbing states. The
data driven algorithm converges to consensus almost surely in
the limit n → ∞, limt→∞ P (θ̄(t) ∈ S) = 1.

V. MEAN SQUARED ERROR PERFORMANCE IN THE LIMIT

From our construction, one iteration entails a delay equal
to the interval T that is the duration of our orthogonal
basis {cl(τ)}Q

l=1. Since the data driven consensus algorithm
accumulates quantization errors and channel errors, the mean
squared error (MSE) after a certain delay is an essential
performance metric.

The MSE can be decomposed into contributions from three
separate terms ∈ R

mn: (1) the convergence error θ(t)− (J ⊗
I)θ(0), (2) the quantization error θ(t) − θ̄(t), and (3) the
channel error e(t) = û(t) − E{û(t)}. Note that quantization
error (by a.0) and channel error (by definition) are zero mean.

We examine the asymptotic behavior of the MSE for a
specific topology. Consider n nodes deployed in a circle
such that aij = αij/n, as specified in Lemma 4, with
αij = K(d∗ + dij)−γ . γ is the path loss exponent, dij

is the distance between the nodes, and d∗ and K, related
by K = ( 1

d∗ )−γ , are modeling parameters that take into
account the carrier frequency, the scattering environment
and antennae gains. Due to symmetry in path loss, A =
1
ncirc(0, α1,2, . . . , α1,(n+1)/2, α1,(n+1)/2, . . . , α1,2) for n odd
(the case for n even is similar). First we obtain an expression
for λ2(W ) for the given network topology.

Lemma 7. For the given topology, λ2(W ) n�1→ 1 − cπ2

6 < 1.

Proof: From [5], using n � 1, we get- λ2(W ) = 1 −
4π2

n3

∑k′

r=1 r2α1,r ≤ 1 − π2(n2−1)
6n2 minr α1,r = 1 − cπ2

6 where
k′ = (n − 1)/2 and c = minr α1,r = K(d∗ + d1, n−1

2
)−γ .

Because of our selection of entries aij , the behavior of
λ2(W ) is different from that given in Lemma 2 for a similar
topology. The asymptotic average MSE characterizing the
tradeoff between the allocated communication resources and
precision in consensus is given by the following lemma.

1In our case this statement involves a somewhat tedious proof which is
omitted here for lack of space.



Lemma 8. For the given circulant network, as n → ∞, the
average MSE at a finite iteration t is-

lim
n→∞MSE(t) ≤ O(f(Δ̄))(1 − λ2

2(W ))
1 − λ2

2(W ) − 2ξ
Ψ

(22)

+

(
lim

n→∞
E{||θ(0)||2}

mn
−

2ξ
Ψ O(f(Δ̄))

1 − λ2
2(W ) − 2ξ

Ψ

)

·
(

λ2
2(W ) +

2ξ

Ψ

)t

where λ2(W ) ≤ 1 − cπ2

6 < 1 with c some positive constant,
f(Δ̄) = 1

m

∑m
p=1 Δ2

p where Δp is the quantization interval of
the pth quantizer, Ψ is the order of the repetition code, and
constant ξ satisfies the following conditions-

1) ξ < Ψ
2 (1 − λ2

2(W ))

2) ξ ≤ Ψ
2

(
limn→∞

E{||θ(0)||2}
mn (1 − λ2

2(W )
)

·
(
limn→∞

E{||θ(0)||2}
mn + O(f(Δ̄))

)−1

.

Proof: See Appendix.
This allows us to conclude the main result of this section,

i.e. it is possible to achieve a bounded average MSE using
limited communication resources irrespective of the number
of sensors. Finally, we note that by allocating more communi-
cation resources i.e. greater quantizer precision and increasing
the order of the repetition code Ψ, the performance of the data
driven codes for an infinitely large network approaches that of
standard average consensus and is captured by the following
corollary-

Corollary 2. For the given circulant network, in the case of
bandwidth expansion, the average MSE at a finite iteration t
is-

lim
n→∞MSE(t) ≤ λ2t

2 (W ) lim
n→∞

E{||θ(0)||2}
mn

. (23)

VI. CONCLUSION

Packet-based average consensus gossiping does not scale in
dense wireless networks due to network congestion. We pro-
posed a solution to this problem by considering a joint source
channel coding scheme which utilizes cooperative transmis-
sion through data driven scheduling. We showed that as the
network becomes increasingly dense the algorithm converges
almost surely. We characterized the MSE performance and
further showed that adding infinitely many values with finite
precision is possible in spite of the bandwidth limitations.

VII. APPENDIX

Proof Sketch of Lemma 8:

θ(t + 1) = θ̄(t) + û(t)
= θ̄(t) + E{û(t)} + û(t) − E{û(t)} (24)

= (W ⊗ I)θ̄(t) + e(t) (25)

where the last equality follows from Lemma 5 i.e. the average
behavior of data driven consensus is the same as standard av-
erage consensus using quantized states. Writing the quantized

state vector θ̄(t) in terms of the quantization error v(t), whose
statistics were defined in equations (7)-(8), and expanding the
above recursion we get-

θ(t) = (W ⊗ I)tθ(0) +
t∑

i=1

(W ⊗ I)iv(t − i)

+
t∑

i=1

(W ⊗ I)i−1e(t − i). (26)

Recall that v(t1) and v(t2), t1 �= t2 are uncorrelated. Given
θ(0), so are e(t1) and e(t2). Using the above expression for
θ(t) in the definition of MSE, with some algebra we can get-

MSE(t) =
1

mn
E{||((W t − J) ⊗ I)θ(0)||2} (27)

+
1

mn

1∑
i=t

E{||(W i ⊗ I)v(t − i)||2} (28)

+
1

mn

1∑
i=t

E{||(W i−1 ⊗ I)e(t − i)||2}(29)

We know the first term through Lemma 1. Consider the
quantization error (28). Taking the trace of the scalar norm
and reordering its argument, we get-

1
mn

1∑
i=t

E{||(W i ⊗ I)v(t − i)||2} (30)

=
1

mn

1∑
i=t

Tr
(
E{v(t − i)vT (t − i)}(W 2i ⊗ I)

)
(31)

=
1

mn

1∑
i=t

m∑
p=1

Δ2
p

12

n∑
j=1

λ2i
j (W ) (32)

≤ f(Δ̄)

(
t

n
+ max

2≤j≤n

λ2
j (W )(1 − λ2t

j )(W )
1 − λ2

j (W )

)
(33)

= f(Δ̄)
(

t

n
+

λ2
2(W )(1 − λ2t

2 (W ))
1 − λ2

2(W )

)
(34)

where [E{v(t − i)vT (t − i)}]jp,jp = V AR(vp(t − i, j)) =
C2σ2

p

12Q2
p

= Δ2
p

12 for j = 1, . . . , n and p = 1, . . . , m, gives (32).

Noting that λ1(W ) = 1 and defining f(Δ̄) = 1
m

∑m
p=1

Δ2
p

12
gives (33). For any t ≥ 0, the second largest eigenvalue of
W , λ2(W ) with λ2

2(W ) ∈ (0, 1), maximizes the term in (33).
Finally, note that-

lim
n→∞

1
mn

1∑
i=t

E{||(W i ⊗ I)v(t − i)||2} = O(f(Δ̄)). (35)

Now consider the last error term (29). By definition,
E{e(t)} = 0,∀t, and [E{e(t − i)eT (t − i)}]jp,jp =
V AR(ûp(t − i, j)). Then proceeding like before,

1
mn

1∑
i=t

E{||(W i−1 ⊗ I)e(t − i)||2}

=
1

mn

1∑
i=t

n∑
j=1

m∑
p=1

V AR(ûp(t − i, j))λ2(i−1)
j (W ).(36)



Now, V AR(ûp(t, j)|θ̄(0)) = 1
Ψ

∑Qp

l=1(ql − θ̄p(t, j))2
(

N0
n

)2
+

2
Ψ

(
N0

n

) n∑
s=1

α2
js

n2
(θ̄p(t, s) − θ̄p(t, j))2

+
1
Ψ

n∑
s=1

αjs

n
(θ̄p(t, s) − θ̄p(t, j))2

·
n∑

s′=1

αjs′

n
I
[
¯θp(t,s′)=¯θp(t,j)]

. (37)

where Ψ is the order of the repetition code. Define β(t) �
θ̄(t)−(J⊗I)θ(t). We simplify the last term above as follows-

1
Ψ

n∑
s=1

αjs

n
(θ̄p(t, s) − θ̄p(t, j))2

n∑
s′=1

αjs′

n
I
[
¯θp(t,s′)=¯θp(t,j)]

≤ ξj

Ψn

n∑
s=1

(θ̄p(t, s) − θ̄p(t, j))2 (38)

=
ξj

Ψn

n∑
s=1

(||βp(t, s) − βp(t, j)1||2
)

(39)

=
ξj

Ψn

(||βp(t)||2 + n|βp(t, j)|2
)

(40)

where the cross-term 2|βp(t, j)|βp(t)T 1 can be neglected
because βp(t)T 1 = (θ̄p(t) − θp(t))T 1 = vp(t)T 1 using
J1 = 1, and limn→∞ vp(t)T 1 = limn→∞

∑n
j=1 vp(t, j) =

E{vp(t, j)} = 0 by WLLN. ξj is some constant that upper
bounds (maxs αjs)

∑n
s′=1

αjs′
n I

[
¯θp(t,s′)=¯θp(t,j)]

. By defini-

tion, αjs′ < 1, ∀j, s′, so ξj < 1. Thus, we can upper
bound the variance as, V AR(ûp(t, j)) ≤ ξj

ΨnE{||βp(t)||2 +

n|βp(t, j)|2}+ O
(

N0
Ψn

)
+ O

(
N2

0
Ψn2

)
where the last two terms

vanish either when the SNR is high, n is large, or a high order
repetition code is used. Therefore,

1
mn

1∑
i=t

E{||(W i−1 ⊗ I)e(t − i)||2} (41)

≤ 2ξ

mn

1
Ψ

1∑
i=t

λ
2(i−1)
2 (W )E{||β(t − i)||2} + O

(
1
n

)

+O

(
N0

Ψn

)
+ O

(
N2

0

Ψn2

)
(42)

where ξ = maxj ξj . Now, using the recursion (26), β(k) can
be written as follows-

β(k) = θ̄(k) − (J ⊗ I)θ(k) = ((I − J) ⊗ I)θ(k) + v(k)

= ((W t − J) ⊗ I)θ(0) +
1∑

l=k

((W − J)l ⊗ I)v(k − l)

+v(k) +
1∑

l=k

((W − J)l−1 ⊗ I)e(k − l). (43)

Noting that W kJ = J,∀k, with some algebra we get-

1
mn

E{||β(k)||2} ≤ MSE(k) +
E{||v(k)||2}

mn
(44)

where E{||v(k)||2}
mn = 1

m

∑m
p=1

Δ2
p

12 = f(Δ̄). Therefore, we
finally get-

1
mn

1∑
i=t

E{||(W i−1 ⊗ I)e(t − i)||2} (45)

≤ 2ξ

Ψ

1∑
i=t

λ
2(i−1)
2 (W )MSE(t − i) + O(f(Δ̄)) (46)

+O

(
1
n

)
+ O

(
N0

Ψn

)
+ O

(
N2

0

Ψn2

)
(47)

since 2ξ
Ψ

∑1
i=t λ

2(i−1)
2 (W ) converges to some constant.

Putting everything together and taking the limit n → ∞,

lim
n→∞MSE(t) ≤ λ2t

2 lim
n→∞

E{||θ(0)||2}
mn

+ O(f(Δ̄))(48)

+
2ξ

Ψ
λ

2(t−1)
2 (W )u(t − 1) ∗ MSE(t)

where ∗ denotes convolution and u(t) is the discrete-
time unit step function. We can simplify this expression
further using frequency-domain techniques. Let M(z) �∑∞

k=0 MSE(k)z−k. Then, taking the unilateral Z-transform
of both sides of (49) and rearranging terms, we have that-

M(z) ≤ (limn→∞
E{||θ(0)||2}

mn (1 − z−1) + O(f(Δ̄))(1 −
λ2

2(W )z−1)) × ((1 − (λ2
2(W ) + 2ξ

Ψ )z−1)(1 − z−1))−1.
The inverse Z-transform of this expression yields the

solution-

lim
n→∞MSE(t) ≤ O(f(Δ̄))(1 − λ2

2(W ))
1 − λ2

2(W ) − 2ξ
Ψ

u(t) (49)

+

(
lim

n→∞
E{||θ(0)||2}

mn
−

2ξ
Ψ O(f(Δ̄))

1 − λ2
2(W ) − 2ξ

Ψ

)

·
(

λ2
2(W ) +

2ξ

Ψ

)t

.

For the convergence of this solution, the following must

hold - (1) λ2
2(W ) + 2ξ

Ψ < 1 and (2) limn→∞
E{||θ(0)||2}

mn −
2ξ
Ψ O(f(Δ̄))

1−λ2
2(W )− 2ξ

Ψ
≥ 0. These conditions are equivalent to those

stated in the lemma and they can be satisfied by choosing Ψ
appropriately. This completes the proof.
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